Abstract. In this paper, we examine the set of algebraic numbers at which higher order hypergeometric functions take algebraic values. In particular, we deduce criteria for this set to be finite and for it to be infinite.
Introduction
The exceptional set of a transcendental function of one complex variable is the set of algebraic numbers at which it assumes algebraic values. This set plays a fundamental role in the theory of transcendental numbers. For example, the transcendence of e and π are immediate consequences of the classical results of Hermite (1873), Lindemann (1882) and Weierstrass (1885) that the exceptional set of the exponential function, exp(z), consists only of z = 0.
In the present paper, we characterize the exceptional set of m-th order Pochhammer functions, m > 3, in terms of certain members of a family of abelian varieties. We establish criteria for this set to be finite and for it to be infinite.
The Pochhammer functions are solutions of m-th order ordinary differential equations of Fuchsian class with m+1 regular singular points. They were introduced by Pochhammer The task of investigating the exceptional set of the hypergeometric function F (a, b, c; z), with a, b, c rational numbers, was posed by C.L. Siegel in 1929. Despite significant advances in transcendental number theory during the intervening time, Siegel's problem remained unsolved for almost sixty years. Then, in 1988, J. Wolfart [27] made a pioneering breakthrough: he associated a family of abelian varieties to each triple (a, b, c) and showed that the exceptional set corresponds to certain members of this family that admit complex multiplication. Wolfart applied this correspondence to obtain conditions on (a, b, c) that imply that the exceptional set is infinite. Using Wolfart's description, P. Cohen and G. Wüstholz [8] found conditions on (a, b, c) that imply that this set is finite. Their results were conditional on a particular case of the André-Oort Conjecture that was subsequently proved in a deep paper of S. Edixhoven and A. Yafaev [16] . Thus, Siegel's problem was completely solved: necessary and sufficient conditions were obtained, in terms of (a, b, c), for the exceptional set of F (a, b, c; z) to be finite.
A description of the exceptional set of third order Pochhamer functions is the main result obtained in [14] . Once again, a family of abelian varieties is associated to each such function. However, in sharp contrast to the case of the classical hypergeometric functions, not all the abelian varieties corresponding to the exceptional set admit complex multiplication. In fact, those admitting complex multiplication form a proper subset of the totality that is defined by subtle conditions.
In the present paper, we pursue this line of investigation for Pochhammer functions of arbitrary order m. For m > 3, we find even more possibilities for the abelian varieties corresponding to the exceptional set. This leads to more involved criteria for the finiteness of this set. We also obtain results that yield refinements of [14] when specialized to the case m = 3.
The plan of the paper is as follows. In Section 2, we define the Pochhammer functions. We construct an analytic family of abelian varieties associated to these functions in Section 3. In Section 4, we use transcendence techniques to describe the exceptional set of the Pochhammer function in terms of certain isogeny classes of abelian varieties. In Section 5, we assume these abelian varieties share a common factor with complex multiplication, and we deduce criteria for the exceptional set to be infinite in this case. In Sections 6 and 7 we obtain criteria for the finiteness of the exceptional set. Finally, under the hypothesis of Section 5, the results in Section 7 are shown to yield necessary and sufficient conditions for finiteness. Thus, we obtain the analogue of the solution to Siegel's problem.
Pochhammer functions
In this section, we introduce the functions studied by Pochhammer in his investigation of (n + 1)-st order ordinary differential equations whose singular points are all regular and are n + 2 in number. Pochhammer's work was apparently anticipated by Tissot. For more details see [21] . The main results of this paper concern the transcendence of values of these Pochhammer functions at algebraic numbers. These results generalize results about the Gauss hypergeometric function, n = 1, (see, [8] , [27] ) and about a function studied by Picard, n = 2, (see, [12] , [14] ).
Let {µ i } n+2 i=0 be rational numbers satisfying the conditions
(This is a ball (n + 3)-tuple in the sense of [9] .) We refer to such numbers as rational (n + 3)-tuples. Let,
Suppose from now on that µ 0 + µ n+1 < 1 and let µ = {µ i } n+1 i=0 be the rational (n + 2)-tuple with
The main focus of this paper is the study of the set E µ,Λ . The function Φ µ,Λ satisfies a linear ordinary differential equation of order n + 1, called the Tissot-Pochhammer differential equation. We refer the reader to [21] for the theory of this equation. It has n + 2 regular singular points at y = 0, 1, λ 2 , . . . , λ n , ∞. A basis of solutions at a regular singular point is given by
Abelian varieties
In this section, we associate an analytic family of abelian varieties to the Pochhammer function. Related constructions occur in [2] , [6] , [7] , [24] .
be a rational (n + 3)-tuple. Let N be the least common denominator of the µ i , and let K = Q(ζ), where ζ = exp(2πi/N ). For s ∈ (Z/N Z) * , let σ s be the Galois embedding of K which maps ζ → ζ s .
For x ∈ Q n , n ≥ 1, and f a divisor of N , let C µ,f = C µ,f (x) be the projective non-singular curve with affine model
For x ∈ Q n , this curve is defined over a number field.
To every x ∈ Q n , we can associate an abelian variety T µ,N = T µ,N (x) as follows. For each proper divisor f of N , there is a natural surjection of Jacobians from Jac(C µ,N (x)) onto Jac(C µ,f (x)). Let T µ,N = T µ,N (x) be the connected component of the origin in the intersection of all the kernels of these epimorphisms. The automorphism χ : (u, w) → (u, ζ −1 w) of the affine model of C µ,N induces an action of ζ on T µ,N , which realizes the field K in its endomorphism algebra End 0 (T µ,N ) = End(T µ,N ) ⊗ Q, and an action χ * of K on the space of differentials of the first kind
(see, for example, [4] ), where x denotes the fractional part of a real number
We say that T µ,N has generalized complex multiplication with type
Notice that r 1 = 1. The space V 1 is generated by the differential form on T µ,N corresponding to ω 1 , as defined by (2.3). The complex abelian variety T µ,N = T µ,N (x) has the structure of a polarized complex torus. Replacing T µ,N by an isogenous abelian variety if necessary, we can assume that the complex torus has the form
, and that the polarization is given, independently of x ∈ Q n , by a matrix T ∈ M n+1 (K), with T t = −T and
with the r s as in (3.1). The points of S(C) form a complex analytic space given by the quotient of a complex symmetric domain H(K, Ψ) by an arithmetic group Γ(M, T ). We have,
where, for uv = 0,
and H u,v is a point for uv = 0. When s = 1, we have r 1 = 1, r −1 = n and H 1,n is the complex n-ball B n . See [25] for more details.
There is an analytic multi-valued map from Q n to H(K, Ψ) whose image in S(C) associates to each x ∈ Q n the unique point P x ∈ S(C) representing the isomorphism class of the polarized abelian variety T µ,N (x). The point P x corresponds to a single Γ(M, T )-orbit in H(K, Ψ). For Λ ∈ Q n−1 , let U Λ = {P Λ,y : (Λ, y) ∈ Q n }. The analytic space S can be compactified to a complex projective variety S . By the extension theorem for analytic sets (see [17] , p181), the closure U Λ of U Λ in the strong topology of S is a closed analytic subset of complex dimension one. By Chow's theorem (see [22] ), U Λ has the structure of an algebraic variety. Let C Λ be the complex algebraic curve in S given by U Λ ∩ S .
Transcendence arguments
The results of this section generalize to arbitrary n ≥ 1 the transcendence arguments of [8] , [27] , for n = 1, and of [12] , [14] , for n = 2.
For two non-zero complex numbers a, b, we write a ∼ b if a/b is algebraic. We then say that a and b are proportional over Q.
For two abelian varieties A and B , we write A =B when A and B are isogenous. For an abelian variety C defined over Q, let H 0 (C, Ω Q ) be the space of differential forms of the first kind on C , defined over Q. Denote by P C the Q-vector space generated by the numbers,
If the endomorphism algebra End 0 (C) of C contains a number field F , then we say that C is F -stable. If C is F -stable and contains no proper non-trivial F -stable abelian subvariety, we say that C is F -irreducible. Otherwise, we say that C is F -reducible. If F = K = Q(ζ), let V C,s be the eigenspace of H 0 (C, Ω) on which K acts by multiplication by σ s (K). We begin with the following corollary of Theorem 5 in [29] (for more details see [24] , Prop. 1, p.6 and [23], Appendix). between non-zero numbers, so that P T µ,N (Λ,y) ∩ P T µ ,N (Λ) is non-trivial and contains a non-zero period of ω 1 (µ ; Λ). Therefore, by Proposition 4.1, T µ,N (Λ, y) and T µ ,N (Λ) share a non-trivial simple factor E up to isogeny. The isogeny class of E is independent of y ∈ E µ,Λ . Applying [3] , Section 1, Example 3 to this situation, we deduce that there are decompositions
where E u , C , and D are K -stable abelian varieties (for an appropriate choice of u) with
we must in that case have dim(
We summarize the above discussion by the following theorem. Let Λ ∈ Q n−1 satisfy the conditions of Theorem 4.2. In the irreducible case, the points of the exceptional set E µ,Λ of the Pochhammer function correspond to abelian varieties T µ,N (Λ, y) in a fixed isogeny class represented by T µ ,N (Λ) × D . Otherwise, the isogeny class of the abelian variety D may vary with y ∈ E µ,Λ .
Conditions for the exceptional set to be infinite
In this section we present some sufficient conditions for the exceptional set to be infinite, thereby generalizing to n > 2 results of [8] , [27] , for n = 1, and [12] , [14] , for n = 2. We show that, for certain Λ ∈ Q n−1 ∩ Q n−1 , the exceptional set E µ,Λ is infinite when the curve C Λ of §3 is weakly special in S . Consider Shimura morphisms ϕ 1 : T → S , ϕ 2 : T → T and a point t ∈ T . An irreducible component of ϕ 1 (ϕ
Hecke operator, is called a weakly special subvariety of S . For a detailed discussion of weakly special subvarieties see [18] . We have the following partial converse of Theorem 4.2:
Theorem 5.1. For n ≥ 1 and (Λ, y) ∈ Q n ∩ Q n , suppose that both 
Proof: By (2.1) and (2.4), the vector space
, Ω) be a generator of this space. As A 1 is of CM type, the nonzero periods of ω 1 are all proportional over Q. Moreover, the isogenies in (5.1) induce K -equivariant maps on differential 1-forms that send the differential forms corresponding to ω 1 (µ ; Λ) and ω 1 (µ; Λ, y) to multiples of ω 1 by a nonzero algebraic number. Let γ be the Pochhammer cycle between 1 and ∞. The numbers γ ω 1 (µ ; Λ) and γ ω 1 (µ; Λ, y) are therefore proportional over Q to periods of ω 1 . All the periods of ω 1 are proportional over Q, so that γ ω 1 (µ ; Λ) and γ ω 1 (µ; Λ, y) are proportional over Q. Replacing the Pochhammer cycle by the line integral from 1 to ∞ multiplies these periods by an element of Q * , so that (5.2) follows.
Proof: By Theorem 4.2 and Theorem 5.1 the exceptional set E µ,Λ is a subset of finite complement in the set of y ∈ Q, with (Λ, y) ∈ Q n , and such that T µ,N (Λ, y) contains up to isogeny the abelian variety A 1 as a factor. If C Λ is a weakly special curve, once there is one such y there are infinitely many, so that E µ,Λ is also infinite.
Conditions for the exceptional set to be finite
We assume throughout this section that Λ ∈ Q n−1 ∩ Q n−1 and that
. By Theorem 4.2, there are fixed K -stable abelian varieties A 1 and A 2 such that, for all y ∈ E µ,Λ , 
Then r (1) s +r
Let C Λ ⊂ S be as in Section 3. From Theorem 4.2, we deduce the following.
Suppose that C Λ has finite intersection with the union of all special subvarieties of S of dimension at most
Let S Λ be the smallest special subvariety of S containing C Λ . A conjecture of Pink [19] implies that the hypothesis of Theorem 6.1 is true provided
If, in addition, A 1 is of CM type, then dim 1 = 0 and we can in fact deduce from Theorem 7.2 that E µ,Λ is finite if C Λ is not special, see §7.
Proposition 6.2. Let Λ ∈ Q n−1 . The inequality (6.5) :
In particular, (6.5 
Proof: We have
where r
for all s ∈ (Z/N Z) * , and r
1 r
(1) 
s r
−s . From (6.7) and (6.9) we deduce that dim 1 + dim D + 1 is not greater than (6.10)
Combining (6.10) with the hypothesis of the proposition, we have
as required.
By Theorem 5.2, Pink's conjecture implies that, if E µ,Λ is not empty, if C Λ is weakly special, and if A 1 is of CM type, we must have dim(S Λ ) ≤ dim D + 1.
Another finiteness criterion in the irreducible case
Throughout this section, we assume that Λ ∈ Q n−1 ∩ Q n−1 satisfies Notice that Theorem 5.2 is a partial converse to this theorem. A weakly special curve containing a CM point is a special curve. When T µ ,N (Λ) is a K -irreducible abelian variety with complex multiplication, and C Λ is a weakly special curve, it follows that C Λ is a special curve if E µ,Λ is not empty. Combining the particular case of the André-Oort Conjecture proved in [16] and Theorem 5.2, we have the following result. When n = 1, Theorem 7.2 gives the results of [8] , [27] . A conjecture of Pink [18] asserts that, under the hypotheses of Theorem 7.1, the intersection C Λ ∩ Ω is finite if C Λ is not a weakly special curve.
